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In the 1970's, Atiyah, Hitchin and Singer introduced a tautological almost 
complex structure on a certain twistor space that along with its generaliza- 
tions have had, until today, a major impact on differential and complex 
geometry [3l [25]. The twistor space that they considered was T^(TM), 
the bundle of complex structures fibered over an oriented Riemannian four 
manifold that are compatible with the metric and orientation; the almost 
complex structure was Jt^^t, where V is the Levi Civita connection, and is 
defined in Section 12. 3i The importance of JjaMt found to lie in the times 
when it was integrable, which was when the four manifold was anti-selfdual, 
and one of its many applications was the construction of instantons on 
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Given its success in four dimensions, J^aut generalized in [U [2l] to 
the twistor space C{TM) = { J € EndTM\ = —1}, where M is any even 
dimensional manifold and V is any connection. Its integrability conditions 
were then explored with the hope that Jt^^t would again lead to major 
results about the base manifold. However, it was found that these conditions 
imposed severe restrictions on the curvature of the connection and in almost 
all cases j'^ut not integrable, thus limiting its applications in differential 
geometry. 

Of course this did not prevent mathematicians from taking advantage of 
the rare times when it was integrable on either C(TM) or on submanifolds 
within, and applying JfYut to advance, for example, the theory of harmonic 
mappings, integrable systems and hyper kahler geometry. With all of its suc- 
cesses, however, the fact remains that the rarity of the integrability of J^^t 
has greatly hindered its use in deriving results about the geometry of the 
base manifold M in higher dimensions. And it is natural to wonder whether 
there exist other almost complex structures on twistor spaces whose inte- 
grability conditions are more easily satisfied -especially in every dimension- 
and at the same time can be used to derive results about the base manifold. 

The purpose of this paper is to demonstrate that such almost complex 
structures do indeed exist if we assume that M is itself equipped with a com- 
plex structure /. Whereas J^taut, which will stand for J^^t for an unspecified 
connection, can only be defined on twistor spaces that are associated to TM, 
the almost complex structures that we introduce in Section 12.31 are defined 
on more general twistor spaces that are associated to any even dimensional 
real vector bundle. Denoting such a bundle by E, in that section, we define 
the almost complex structure J'^^'^^ on C{E) = {J S EndE\j'^ = — 1}; 
it depends on a choice of a connection V on E^ similar to the defini- 
tion of Jtaut- However, unlike Jtaut-, the conditions on the connection V 
for J'^^'^^ to be integrable are easily fulfilled. By computing its Nijen- 
huis tensor, we prove in Theorem \TT7\ that J^^'^^ on C{E) is automati- 
cally integrable if the curvature of V, , is (1,1) with respect to /, i.e., 
= {■,■). Moreover if g is a metric on E and Wg = then 
j(V,/) on T{E,g) = {J G C{E)\ g{J-, J-) = g{-, •)} is integrable if and only 
if is (1,1) (Proposition 12.281) . Under these conditions, the projection 
map vr : {C{E), J'^^ '^^) — > {M,I) becomes a holomorphic submersion, a 
property that would never hold if we were to replace J'^^'^^ by Jtaut- 

While we will use {C{E), J^^'^^) to derive results about the base manifold 
(M, /) in a forthcoming paper [13] (see also below) , the focus of our present 
paper is to describe various examples of vector bundles that admit connec- 
tions with (1,1) curvature and the resulting holomorphic structures on the 
twistor spaces. For instance, in Section 13.21 we demonstrate that a general 
holomorphic Hermitian bundle, {E,g,J), admits many such connections. 
The Chern connection is of course an example, but as we show, d closed 
sections D € T{T*^'^ A^E*'^'^) and a € T(T*°'^ (g) A^E^'°) can also be used 
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to define connections on E with (1,1) curvature. In the case when E = TM, 
D is a d closed (2,1) form and our goal in Section [3T3l is to describe how such 
forms naturally appear on well known classes of Hermitian manifolds. For 
example, SKT manifolds, bihermitian manifolds -also known as generalized 
Kahler manifolds- as well as Calabi-Yau manifolds [HI \TT\ [H [T^ all admit d 
closed (2,1) forms and thus complex structures on their twistor spaces. 

Another example of a connection whose curvature is (1,1) is the Levi 
Civita connection, V, on the tangent bundle of any anti-selfdual Hermitian 
four manifold, {M,g,I), whose orientation is determined by /. In this case, 
there are two integrable complex structures on T^(TM), which is the sub- 
bundle of T{TM) whose elements induce the same orientation as that of /. 
The first is as it is integrable on all of T{TM), and the second is 

j'tauti ^ discussed above. In Example 12.231 we consider some of their 
interaction as well as several bundles fibered over T~^{TM) that themselves 
admit connections with (1,1) curvature with respect to both J'^^'^^ and 

'-'taut- 

To obtain even more examples, in Section [3.41 we consider a bundle E — > 
{M,I) that is already equipped with a connection V with (1,1) curvature 
and show how to use holomorphic sections of the corresponding twistor space 
{C{E), J^^'^^) — > {M, I) to produce other connections on E that satisfy the 
same curvature condition- and hence produce other complex structures on 
C{E). For example, by Proposition 13.13] if J is a holomorphic section then 
V' = V + ^(VJ)J is another connection that has (1,1) curvature. This 
connection also satisfies V J = and will be used especially in jl3] to derive 
results about the base manifold (M, /) (see also below) . 

We then provide in Section [3. 4. 21 several examples of holomorphic sections 
of twistor spaces. For instance, the twistor spaces of the manifolds already 
considered above- SKT, bihermitian and Calabi-Yau- all admit holomor- 
phic sections. In addition, there are certain twistor spaces that are fibered 
over other twistor spaces that admit holomorphic sections. More specifically, 
if we consider vr : {C{E), J^^'^^) — > {M,I) then G T{'K*EndE) defined 
by = K is a holomorphic section of {C{tt* E), J^'^"'^'^^) — > {C{E),I), 
where I = J'^'^'^\ Moreover, in the case when E = TM, J^^^.- although 
almost never integrable- is always a holomorphic section of {C{TC), J') — > 
(C, j(^-f)), where C := C{TM) and J is some appropriate complex struc- 
ture to be defined. More examples of holomorphic sections as well as their 
associated connections with (1,1) curvature are also discussed. 

If we now consider a bundle E — > (M, /) with a connection V that 
has (1,1) curvature then one may wonder whether {C{E), j'-^'^^) can be 
holomorphically embedded into a more familiar complex manifold. The key 
in finding a suitable manifold, is to notice the fact that if we C-linearly 
extend V to a complex connection on Ec := E (8)]r C then is (1,1) if 
and only if V*^'^ is a 5-operator on E£. Hence given S/ on E with (1,1) 
curvature, we have two associated complex analytic manifolds: the first 



4 



STEVEN GINDI 



is {C{E), J^"^ '^^) and the other is the holomorphic Grassmannian bundle 
Grn{Ec) {dim^E = 2n), and in Section H] we holomorphically embed C{E) 
into this latter bundle. By then considering C{E) as a complex submanifold 
of Grn{Ec), we derive a number of corollaries about the holomorphic struc- 
ture of twistor spaces. For example, we derive conditions on two connections 
V and V that are defined on E — > {M,I) with (1,1) curvature, so that 
the twistor spaces {C{E), J^^'^^) and {C{E),J'^'^ '^^) are equivalent under a 
fiberwise biholomorphism. We then use this to prove that certain complex 
structures that we defined in Section 13.21 on the twistor spaces associated 
to Hermitian bundles are in fact biholomorphic. Other corollaries of the 
holomorphic embedding are given in Sections 14.4.11 and 14.4.21 

Having in this paper defined holomorphic embeddings, given examples, 
and explored different properties of {C{E), J^^'^^) — {M,I), the goal of 
our forthcoming paper [T3] will be to use these holomorphic twistor spaces 
to derive results about the complex geometry of the base manifold (M, /). 
Indeed, given the standard setup of E — > {M, I) with a connection V such 
that is (1,1), we will demonstrate how to use holomorphic sections of 
{C{E), J'^'^'^^) — > {M,I) together with the other associated connections 
with (1,1) curvature that were described above, to decompose the complex 
manifold (M, /) into various holomorphic subvarieties. 

For example, by considering holomorphic sections of twistor spaces fibered 
over a bihermitian manifold we will construct holomorphic subvarieties in the 
manifold that are new to the literature. The importance of these subvarieties 
lies in their connection to the known holomorphic and real Poisson structures 
on the manifold. In fact, some of these subvarieties refine the structure of the 
degeneracy loci of the Poisson structures and our objective is to introduce 
new tools to study these loci via twistor spaces. Please see [l^ for the 
details. 

As another example, for I = J^^'^\ we will show in [TS] that the holomor- 
phic section (j) : {C{E),I) — > (C(7r*^), J^'^*^'^)), which was defined previ- 
ously, together with other sections induce several stratifications of {C{E),I) 
whose strata are complex submanifolds (see also Example I2.29p . These 
are defined fiberwise and their fibers correspond to certain Schubert 
cells. As J^^ut is closely related to (/> in the case when E = TM (see Def- 
inition [2712]) , it too will induce stratifications of the twistor space C(TM). 
Hence, for these applications, we will be focusing on exploiting J^^^tS holo- 
morphicity property, which always holds true, as opposed to its integrability 
property, which almost never does. 

These stratifications not only provide examples of the holomorphic sub- 
varieties that are induced from twistor space, but are also important in 
deriving general results about them. Indeed, we will show in [13] that these 
subvarieties can be viewed as the intersections of the closures of the different 



INTEGRABLE COMPLEX STRUCTURES ON TWISTOR SPACES 



5 



holomorphic strata in twister space. From this viewpoint we will, in par- 
ticular, derive lower bounds on the dimensions of the subvarieties and find 
conditions that are necessary for their existence. 

Further applications of holomorphic twistor spaces will be described in 
|13j as well as in other forthcoming papers. At the present time, let us turn 
to the task of defining integrable complex structures on twistor spaces. We 
begin with the following preliminaries. 

2. Complex Structures on Twistor Spaces 

2.1. Preliminaries. Let V he a 2n dimensional real vector space and let 
C(^) = {"^ S EndV\ = —1} be one of its twistor spaces. To describe 
some of the properties of C{V), consider the action of GL{V) on EndV via 
conjugation: B ■ A = BAB~^. As C(y) is a particular orbit of this action, 
it is isomorphic to 

GL{y)/GL{y,i), 

where / G C{V) and GL{VJ) = {B e GL{V)\ [B,I] = 0} ^ GL(n,C). It 
then follows that the dimension of C{V) is 2n^ and that if we consider C{V) 
as a submanifold of EndV then 

TjC = [EndV, J] = {Ae EndV\ {A, J} = 0}. 

With this, we may define a natural almost complex structure on CiV) that 
is well known to be integrable: 

IcA = J A, for A € TjC. 

If we now equip V with a positive definite metric g then another twistor 
space that we will consider is T(y,g) = {J G g{J-,J-) = g{-,-)}. In 

this case, T is an orbit of the action of OiV, g) on EndV by conjugation, and 
is thus isomorphic to the Hermitian symmetric space 0{V, g)/U{I), where 
I G T and U{I) = U{n). It then follows that the dimension of T is n(n — 1) 
and that if we consider T as a submanifold of EndV then 

TjT = [oiV, g),J] = {AG o{V, g)\ {A, J} = 0}. 

As Ic naturally restricts to TjT, 7" is a complex submanifold of C. 

We will show in [13j that C admits other natural complex submanifolds 
that form the strata of several stratifications of both T and C. 

2.1.1. Twistors of Bundles. Let now E — > M be an even dimensional vec- 
tor bundle fibered over an even dimensional manifold. Generalizing the pre- 
vious discussion to vector bundles, we will define C{E) = { J G EndE\ = 
— 1}, which is a fiber subbundle of the total space of vr : EndE — > M with 
general fiber C{Ex), for x G M. Since the fibers of vrc : C{E) — > M are 
complex manifolds, C{E) naturally admits the complex vertical distribution 
VC C TC{E), where VjC = TjC{E^(^j)) ^ [EndE\^^j), J]. Using the section 
(p G T^TT^EndE) defined by (p\j = J, we will then identify VC with the 
subbundle [n^EndE, </>] of -K^EndE. 
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Letting ghea. positive definite metric on E, we will also consider T{E, g) = 
{J E C{E)\ g{J-,J-) = g{-,-)}. Similar to the case of C{E), T{E,g) nat- 
urally admits the complex vertical distribution VT, defined by VjT = 
TjT{E^(^j-^) = [o(i?7r(j), (7), J]. If we denote the projection map from T{E,g) 
to M by ttt" then we will identify VT with the subbundle [7r^o(£', (7), 0] of 
TT^EndE, where now e r{iT^EndE). 

Notation 2.1. As was done above and will be continued below, we will at 
times denote C{E) by C and T{E,g) by T{E), T{g) or just T. Moreover, 
there are also times when we will denote ttc or irj- by just vr. 

2.2. Horizontal Distributions and Splittings. With this background 
at hand, we will now take the first steps in defining integrable complex 
structures on C{E) and T{E,g) in the case when M is a complex manifold. 
Given a connection V on £^ we will define the horizontal distribution H^C 
in TC, so that this latter bundle splits into VC © H^C. Similarly, in the 
case when g' is a metric on E and V is a metric connection, we will describe 
how to split TT into VT © H^T. O nee we have described these splittings 
we will define the desired complex structures on the above twistor spaces in 
Section 12.31 

To begin, let, as above, E — > M be a vector bundle, though the base 
manifold is not yet assumed to be a complex manifold, and let V be any 
connection. As C is a fiber subbundle of the total space of vr : EndE — > M, 
we will find it convenient to split its tangent bundle by first splitting TEndE. 

Although there are other ways to define this splitting the basic idea here 
is to use parallel translation with respect to V. First, if ^ € EndE and 
7 : M — > M satisfies 7(0) = Tr{A) then the parallel translate of A along 7 
will be denoted by A{t). The horizontal distribution EndE in TEndE 
is then defined as follows. 

Definition 2.2. Let HjEndE = {^^\t=o\ for all 7,7(0) = it{A)}. 

It is straightforward to show that EndE is a complement to the ver- 
tical distribution: 

Lemma 2.3. TEndE = VEndE © H^EndE. 

Remark 2.4. The above procedure can actually be used to split the tangent 
bundle of any vector bundle with a connection. Another way to define such 
a splitting is to consider the bundle as associated to its frame bundle and 
then use the standard theory of connections. These two methods yield the 
same splittings and are essentially equivalent. 

Now if J € C C EndE and 7 : M — M is a curve that satisfies 7(0) = 
7r( J) then it is clear that the associated parallel translate J{t) lies in C for 
all relevant t G M. It then follows that HJ EndE lies in TjC, so that we 
have: 
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Lemma 2.5. TjC = VjC HJC, where HJC = HjEndE. 

Similarly, if is a metric on E and Vg = then the parallel translate of 
J G T along 7 lies in T. We thus have 

Lemma 2.6. TjT = VjT H^T, where HJT = HjEndE. 

With the above splittings, it will be useful for later calculations to derive 
a certain formula for the vertical projection operator : TEndE — > 
VEndE = TT*EndE, which, upon suitable restriction, will also be valid for 
the corresponding projection operators for TC and TT. The formula will 
depend on the tautological section cp of Tr*EndE that is defined by (j)\A = A: 

Proposition 2.7. Let X e TAEndE, then 

where we are considering P^ to be a section of T*EndE ^ TT*EndE. 

Proof of Proposition 12.71 Let {cj} be a local frame for E over some open set 
U <Z M about the point vr(^), where A G EndE, and let {cj <^ e^} be the 
corresponding frame for EndE. Then for X G TAEndE, 

(2.1) {tt*V)x<P = {^^*V)x<py{e^ e^) 

(2.2) = d(f>iiX)ei ® e^'l^(^) + ^V^.^e^ ® e^ . 

Let us now consider the following two cases. 

(A) Let X be an element of VAEndE, which for the moment is not 
identified with EndE\^i^A)i so that vr^X = 0. Also let A(t) be a curve 
in EndE^A) such that A{0) = A and ^^\t=o = X. Then by EquationES 

(^*V)x0 = ^^\t=oei ® e^'U(^) = P^iX) € EndE\^^A)- 

B) Let X E HjEndE so that it equals ^A{t)\t=o, where A{t) is the paral- 
lel translate of A along some curve 7 : M — > M that satisfies 7(0) = vr(yl). 
As d(l)i{X) = j-^A{t)i\t=o, Equation EJ becomes j-^A{t)i\t=oei ® e^\^^A) + 
® 1 which is zero since A{t) is parallel. □ 

If we consider the corresponding projection operator P^ : TC — > VC 
then it follows from the above proposition that P^ {X) = {t:qV)x4>^ where 
is now a section of -K^EndE — > C. Note that since (fP' = —1, {'Kq\I)x4>, 
for X G TjC, is indeed contained in VjC = {A G EndE\T^(^j~^\ {A, J} = 0}. 
In the case when g \s a. metric on E and = 0, an analogous formula holds 
for P^ :TT — > VT. 

Remark 2.8. We respectfully report that similar formulas for the projection 
operators for TC and TT were derived in [24J but with a small error. 
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2.3. The Complex Structures. Now let E — > (M, /) be an even dimen- 
sional bundle that is fibered over an almost complex manifold and let V be 
a connection on E. We will define the following almost complex structure 
on the total space of vr : C{E) — > M and explore its integrability conditions 
in the next section. 

Definition 2.9. J^^'^^ : First use V to split 

TC = VC® H^C, 

and then let 

(1) J^^'^^A = J A 

(2) = (Ir;)^, 

where A G VjC C EndE\^(^j^ and G is the horizontal lift of u G 

In other words, JT'^^'^-' on VC © H'^C equals (j) © vr*/, where we have 
identified VC with [Tr*EndE, cj)] and i/^C with 7r*TM. 

It then follows from the definition of J'^^'^^ that vr is pseudoholomorphic: 

Proposition 2.10. vr : {C,J^^'^^) — > {M,I) is a pseudoholomorphic sub- 
mersion. 

In the case when g' is a metric on E and V is a metric connection, the 
claim is that J^^'^^ on C restricts to T, so that T C (C, J^^'^^l) is an almost 
complex submanifold. The reason is that TjT splits into VjT^H'jT , where 
i/Jr = i/JC = HjEndE, as explained in the previous section. 

Remark 2.11. It should be noted that J^^'^^ has not yet been studied in this 
generality in the literature. In [28j, Vaisman did study J'^'^'^^ only in the 
special case when E = TM and VI = and only on certain submanifolds of 
C{TM). However, for our applications we do not want to restrict ourselves 
to E = TM and we especially do not want to require V/ = 0. 

With defined, let us now compare it to the tautological almost 

complex structures on twistor spaces that are usually considered in the lit- 
erature [21 [Mt Uj. If V is a connection on TM — > M, where here M 
is any even dimensional manifold, then based on the splitting of TC into 
VC © H^'C, we define JtY«t on C{TM) as follows. 

Definition 2.12. Let Jt^^t = (p (B (f>, where we have identified VC with 
[n*EndTM^ 0] and H^^ C with tt*TM, and where the first (f> factor acts by 
left multiplication. 

To compare it to J^^'^\ note that J^^t does not require M to admit an 
almost complex structure, while the former one does. On the other hand, 
•^Uiut is only defined for the bundle E = TM whereas iJ^^'^^ is defined 
for any even dimensional vector bundle. Also, given {M,I), the projec- 
tion map {C{TM), J^^^) — > {M,I) is never pseudoholomorphic, whereas 
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{C{E), J^"^'^^) — > {M,I) is always so. Lastly, J^^t is rarely integrable- 
except in special cases such as when M is an anti-selfdual four manifold, 
as explained in the introduction whereas the integrability conditions of 
are very natural to be fulfilled, as we will show below. 

Although JT*^^'^) and jT^Ynt defined quite differently and have opposite 
properties, they are still related holomorphically. Indeed, given (M, /) and a 
connection V on TM and letting C = C{TM), we will show in Section [3.4.21 
that J^uti which is almost never integrable, is always a pseudoholomorphic 
section of {C{TC),J) (C, for some appropriately chosen J7. We 

will also explore more of their interaction in [13] . 

Having compared the above almost complex structures, let us now return 
to the general setup of a vector bundle E — > (M, I) that is fibered over an 
almost complex manifold and that is equipped with a connection V. The 
goal is to determine the conditions on I and the curvature of V, , that are 
equivalent to the integrability of J'^^'^^ not just on C but on other almost 
complex submanifolds C as well. Although these conditions can be worked 
out for any C', we will focus on the case when the corresponding projection 
map TTc : C — > M is a surjective submersion. If (7 is a metric on E and 
= then as an example we can take C = T{g)- We will describe other 
examples below in Section [231 and especially in [13] . 

The method that we will use to explore the integrability conditions of 
^(V,/) Qi jg calculate its Nijenhuis tensor on C. 

2.3.1. Nijenhuis Tensor. In this section, let vr : C{E) — > M be the projec- 
tion map and define J := and P := : TC — > VC C 7r*EndE, as 
in Section [2.2[ We will presently compute the Nijenhuis tensor, N'^ , of 
that is given by 

N-^iX, Y) = [JX, JY] - J[JX, Y] - J[X, JY] - [X, Y], 

in terms of the Nijenhuis tensor of / and the curvature of V, . 

Proposition 2.13. Let X,Y £ TjC and let v = n^X and w = Tr^^Y . Then 

1) TT^N'^{X,Y) = N^{v,w) 

2) PiV^(X,y) = [R^ {v,w) - {Iv, Iw), J] + J[R^ {Iv,w) + {v, Iw), J]. 

Proof of Proposition [2.13\ Part 1). This easily follows from the fact that if 
X G r(TC) is vr-related to u G T{TM) then JX is vr-related to Iv. □ 

Letting, as above, 4> G T{'K*EndE) be defined by = J, the proof of 
Part 2 of the proposition, will be based on the following lemma. 

Lemma 2.14. Let X,y G T{TC). Then 



P^([X,y]) = -[i?"*^(X,y),0] +7r*VxP(y) -vr*VyP(X). 
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Proof. Consider 

P^{[X,Y])=7T*V[x,Y]<t' 

where 7j('r*v,vr*£;nd£;) jg ^j^g curvature of 7r*V, which is considered as a con- 
nection on 7r*EndE. The lemma then fohows from the identity: 

j^{n'V,n'EndE)^X, ¥)(/) = Y), (/.]. 

□ 

Proof of Proposition Part 2). Let X, F G T{TC) and consider PN'^ {X, Y) 

P ( [JX, JY]-J [JX, Y]-J[X, JY] - [X, y ] ) . By using the previous lemma 
as well as the fact that PJ = cpP, we can express PN'^ {X,Y) as the sum 
of two sets of terms. The first set involves the curvature of 7r*V: 

When restricted to J G C this gives the expression for PN'^ {X,Y) that is 
contained in Part 2 of the proposition. 
The second set of terms is 

^*VjxP{JY) - ^7T*VjxP{Y) - cl)7T*VxP{JY) - TT*VxP{Y) - (X o y). 

Using PJ^ = (pP, it easily follows that the first four terms and the last four, 
which are represented by (X -H- y), separately add to zero. □ 

2.3.2. Integrahility Conditions. We are now prepared to explore the integra- 
bility conditions of JT"^^'^^ on C, where, as above, C is any almost complex 
submanifold of {C{E), J^"^ ^^"i) such that vrc : C — > M is a surjective sub- 
mersion. As is well known, J'^'^'^^ on C will be integrable if and only if 
TT^N^ (X, y) and PN^ (X, Y) are both zero VX, Y e TjC and VJ € C. By 
Proposition 12. 13^ the first condition is equivalent to the vanishing of the 
Nijenhuis tensor of /, while the second is equivalent to 

[R^ {v,w) - {Iv, Iw), J] + J[R^ {Iv,w) + {v, Iw), J] = 

WvjW E T^(^j-^M and VJ G C . To analyze this condition, we will express it 
in terms of R^''^, the (0,2)-form part of the curvature R^: 

Lemma 2.15. The condition 

[R^{v,w) - R^{Iv,Iw),J] + J[R^{Iv,w) + R^{vJw),J] = 

yv,w G T^i^j-^M holds true if and only if 

[R^^\j\Ef = Q. 

We thus have: 

Theorem 2.16. {C',J^^^^^) is a complex manifold if and only if 

1) 1 is integrable 

2) [i?0'2, J]^°'^ =0, VJgC. 
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Note that the second condition in the above theorem is equivalent to 

2.4. (1,1) Curvature. Assuming henceforth that / is integrable, an impor- 
tant case of Part 2 of the above theorem that guarantees that {C , J^'^ '^^) 
is a complex manifold is when R^^''^'> = 0, or equivalently, when i?^ is (1,1) 
with respect to /. In particular, we have: 

Theorem 2.17. Let E — > {M,L) he fibered over a complex manifold and 
let V be a connection on E that has (1,1) curvature. Then J^^'^^ is an 
integrable complex structure on C{E). In addition, if g is a metric on E and 
Vg = then T{E,g) is a complex submanifold of {C{E),J'^^'^^). 

If we C-linearly extend V to a complex connection on Eq := E C then 
the condition that is (1,1) can also be expressed as (V*^'^)^ = 0. We thus 
have: 

Lemma 2.18. Let V be a connection on E — y {M,I). Then R^ is (1,1) 
if and only ifV^'^ is a d— operator on Eq. 

In Section 14.21 we will use the fact that V'^'^ is a 9— operator to holo- 
morphically embed (C',c7^^'^^) into a more familiar complex manifold that 
is associated to the holomorphic bundle Eq,- the Grassmannian bundle, 

Grn{Ec). 

Example 2.19 (Pseudoholomorphic Curves). Let E — > {M,I) be an even 
dimensional vector bundle fibered over a complex curve. If V is any con- 
nection on E then R^''^ is automatically zero and hence {C{E),J'^^'^^) is 
a complex manifold. Moreover if ^ is a metric on E and V is a metric 
connection then T{E,g) is a complex submanifold of {C{E), J'^^'^^). 

As an application, let E — > (N, J) be an even dimensional vector bundle 
that is fibered over an almost complex manifold and let V be any connection 
on E. The goal is to show that although {C{E), J'^^''^^) is only an almost 
complex manifold, it always contains many pseudoholomorphic submanifolds 
that are in fact complex manifolds. The idea is to use the well known 
existence of a plethora of pseudoholomorphic curves in N. Indeed, if we let 
i : {S, I) — (A^, J) be a pseudoholomorphic embedding of a complex curve 
into A^ then the curvature of z*V on i*E is (1,1) and thus {C{i*E),j'-'*^'^^) 
is a complex manifold. As it is straightforward to show that i induces a 
pseudoholomorphic embedding of C{i*E) into C{E), C{i*E) is one of many 
examples of pseudoholomorphic submanifolds of C{E) that are themselves 
complex manifolds. 

Further connections between twistors and pseudoholomorphic curves will 
be explored in the near future. □ 

Another example of a vector bundle that naturally admits connections 
with (1,1) curvature is a holomorphic Hermitian bundle. We will describe 
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this case in detail in Sections I3.m3.3l but in the following we present ex- 
amples where the base manifold M is a twistor space itself as well as an 
anti-selfoual four manifold. 

Example 2.20. (Twistors) Let V be an even dimensional real vector space 
and, as in Section \27l\ let C{V) be its twistor space with complex structure 
Ic- The bundle E that we will consider is the trivial bundle C(V) x V — > 
C{V). We could then choose the trivial connection d on to define a com- 
plex structure on C{E) but let us modify it by using a certain section of 
EndE — > C(y) that is defined by ^\j = J. (cj) has appeared before in Sec- 
tions 12.1.11 and 12.21 where we were discussing the twistor spaces associated 
to bundles and not just vector spaces.) The connection that we will then 
choose is V := d -|- since its curvature has the desired property: 

Proposition 2.21. V is a connection on E with (1,1) curvature. 

To prove this, we need the following lemma, which is a special case of 
Proposition 12.71 

Lemma 2.22. Let A G TjC = {B ^ EndV\ {B, J} = 0}. Then dA4> = A. 

Proof of Proposition \2.21\ The curvature i?^ is given by A#). To 

show that it is (1,1) first note that if ^ e TjC C EndV then IqA = J A and 
by the above lemma, dA(p = A. It then follows that for A and B G TjC, 
Ey{JA,JB) = —j[JA,JB] and since A and B anticommute with J, this 
equals -j[A,B] = R^{A,B). Thus ii^ is (1,1). □ 

It then follows from the above proposition as well as Theorem 12.171 that 
{C{E), J'^'^'^'^^) is a complex manifold. 

Of course, we could have replaced ^{d(j))(f) in the definition of V with, for 
example, just d(j)- The reason that we chose this specific term is that V will 
then satisfy V(p = 0, which will be used especially in |13j . 

In Section 13.41 we will show how this example can be understood as part 
of a general procedure that produces new connections with (1,1) curvature 
from holomorphic sections of twistor space. □ 

Example 2.23 (Anti-selfdual Curvatures). Consider an even dimensional 
vector bundle E — > (M, g) that is fibered over a four dimensional oriented 
Riemannian manifold. Since the manifold is oriented, the bundle of 2-forms, 
A^T*, splits into a direct sum of and A~, the -|-1 and -1 eigenbundles of 
the Hodge star operator. To obtain a complex structure on C{E), suppose V 
is a connection on E with anti-selfdual curvature, i.e. G r(A~ ^EndE). 
Moreover, suppose I is a complex structure on M that is compatible with 
g and that also induces the same orientation as that of the given one. The 
claim then is that is automatically (1,1) with respect to I. The reason 
is that it is well known that =< w > e(A^'° A°'^) and A~ = Aq \ 
where w{-, •) = g{I-, •) and Ag'^ is the orthogonal complement to < > in 
A^'-*^. We thus have: 
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Corollary 2.24. (C(^), is a complex manifold. 

Let US now consider the following special case, which is more familiar in 
the literature. Let E = TM and let {M,g,I) be an anti-selfdual Hermitian 
four manifold whose orientation is determined by /. As the curvature of the 
Levi Civita connection, , lies in r(A~ ®o{TM,g)), there are at least two 
integrable complex structures on T^, which is the subbundle of T whose 
elements induce the same orientation as that of /. The first of these complex 
structures is as it is integrable on all of T, and the second is the 

tautological complex structure J^^t defined in Section 12.31 [3j . 

Given that admits these two complex structures, it is natural to ex- 
plore some bundles over this twistor space that admit connections with (1,1) 
curvature, for they in turn can be used to define complex structures on other 
associated twistor spaces. Letting vr : — > M be the projection map, 
the first bundle that we will consider is tt*TM. The claim then is that 
there are at least two connections on this bundle that have (1,1) curvatures 
with respect to both J^^'^^ and J^^t- The first of these connections is 
simply 7r*V- its curvature is (1,1) because € r(A- o{TM,g))- while 
the other connection is tt*V = 7r*V + i(7r*V(/))(/>, where cj) £ T{'K*EndTM) 
is defined hy = J. One way to prove that this latter connection has 
the desired (1,1) curvature property is to generalize the proof of Proposi- 
tion 12.211 Although this is straightforward to carry out, we will prove it 
instead in Section 13.41 by first showing that (/> is a holomorphic section of 
(C(^*rM),^("*^'^)) {T+,Z) for X G {J^^'^\jZut}- Note that, simi- 
lar to the discussion in the previous example, the connection 7r*V' satisfies 
7r*V'(/) = 0, which will have several applications in [13J. 

Now we can use these connections on 7r*TAf to produce connections on 
the tangent bundle of T"*", TT""*", that also have (1,1) curvatures with respect 
to both and J^^f For this, split Tr+ = Fr+ iJ^r+, which is 

a special case of Lemma 12.61 and identify VT^ with [7r*(o(TM, 5)), ^] and 
H^T^ with 7r*rM. As one may check, 7r*V + i[(7r*V(?!>)(/>, •] D, where 
D is either 7r*V or 7r*V', defines a connection on TT^ with (1,1) curvature 
and thus defines different complex structures on C{TT~^)- 

We will consider more properties of J^^'^^ and J^^t as well as their 
interaction in Section [3.4.21 and in [13J. □ 

In Section [21 we will give more examples of bundles that admit connections 
with (1,1) curvature and show, in particular, that SKT, bihermitian as well 
as Calabi-Yau manifolds naturally admit complex structures on their twistor 
spaces. 

2.5. Other Curvature Conditions. Although, by Theorem l2.16l the con- 
dition R^^''^^ = guarantees the integrability of J'^^'^^ on C' C C{E), it is 
not the most general one. The present goal is to demonstrate some of these 
more general conditions for certain C 
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As a first example, consider a C that satisfies the following condition: 
given any J ^ C , — J is also in C' . 

Proposition 2.25. If C satisfies the above condition then {C , J'^^'^^) is a 
complex manifold if and only if [R^''^, J] = for all J £ C . 

Proof If (C, is a complex manifold then given J E C', it follows 

from Theorem Em that JjE^ and J]^°'j are both zero. Hence 

[R^''^, J] = for all J G C As / is already assumed to be integrable, the 
converse also follows from Theorem 12.161 □ 

In the case when C = C, it is straightforward to show that the condition 
[-R"'^, J] = for all J € C is equivalent to the endomorphism part of R^''^ 
being pointwise constant. We thus have: 

Proposition 2.26. {C, J'^^'^^) is a complex manifold if and only if R^^''^^ = 
A (8) 1, where A is a (0,2) form on M and 1 is the identity endomorphism 
on Eq. 

Example 2.27. To take a simple example, let V' be a connection on E — > 
(M, I) that has (1,1) curvature and let V = V + (ly (8) 1) for some 1-form 
w. Then = (V°'i)2 on Ec equals dw^^^ (g) 1 and hence J^^'^'> is 

a complex structure on C. This complex structure, however, is not new 
since J^(^-f) is actually equal to J^^''^h The reason is that although the 
connections V and V are not equal on E they are in fact the same on EndE. 
More interesting examples will be the subject of future work. □ 

For another example of a C of the above type, let g' be a metric on 
E — > (M, /) and let V be a metric connection. As in the case for C, it 
follows from Proposition 12.251 that JT^*-^'^-* is integrable on C = T{g) if and 
only if the endomorphism part of R^'^ is pointwise constant. However, in 
this case R^'^ is a (0,2) form that takes values in the skew endomorphism 
bundle o{Ecg), so that its trace is zero. We thus have: 

Proposition 2.28. (T, JT"^^'^^) is a complex manifold if and only ifR^'^''^^ = 
0. 

Example 2.29. In [13] we will be considering other types of C. For exam- 
ple, let E — > (M, I) be equipped with a metric g and a metric connection 
V. If J G r(T) satisfies VJ = then we will show, in particular, that the 
following are almost complex submanifolds of (T, J^^^'^^). 

1) 7-(mi,*)(j) = {X G r| dimKer{K + J) = 2mi} 

2) -7-(*,m-i)(j) = eT\ dimKer{K - J) = 2m_i}. 

In addition, if R^ is (1,1) then the above are complex submanifolds that 
form the strata of some of the stratifications of T that were mentioned in 
the introduction. 
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So defined, these submanifolds are naturally fiber subbundles of T and 
we will show in [13] that their fibers are related to certain Schubert cells. 
We will explore more properties of these subbundles in that paper. □ 

3. More Examples 

The goal of the next few sections is to describe various connections with 
(1,1) curvature on holomorphic Hermitian bundles and the resulting com- 
plex structures on the twistor spaces C and T. In particular, we will demon- 
strate that the twistor spaces of SKT, bihermitian and Calabi-Yau manifolds 
naturally admit complex structures. In Section [3. 41 we will explore the holo- 
morphic sections of these twistor spaces and show how they can be used to 
construct other connections that have (1,1) curvature. 

We will now begin by considering the Chern connections of Hermitian 
bundles. 

3.1. Chern Connections. Let E — > be a holomorphic bundle 

fibered over a complex manifold. Here, we will view it as a real bundle 
equipped with a fiberwise complex structure, J. If g is any fiberwise metric 
on E that is compatible with J then, as is well known, the associated Chern 
connection V'^'^ (considered as a real connection on E) has (1,1) curvature. 
We thus have 

Corollary 3.1. {C,J^^ '^)) is a complex manifold and T is a complex 
submanifold. 

Example 3.2. As a simple example, let (M, I) be any complex manifold 
that admits a Kahler metric g. Then the Chern connection, V*^^, on TM 
equals the Levi Civita connection, V^'^''*. Thus J'^'^ integrable 
complex structure on C and T. □ 

If we now C-linearly extend V^'^ to E^ then, as a particular case of Lemma 
12.181 V'^'^^'^'^) is a 9-operator for this bundle. To describe this 9-operator 
in more familiar terms, let us consider the holomorphic bundle E^'^ (B E*^'^, 
where E^'^ is the +i eigenbundle of J. The claim then is that the map 

l(Bg: Ec = e E°'^ — > E^''^ E*'^'^ 

is an isomorphism of holomorphic vector bundles. If we denote the Chern 
connection on E^''^ by V'^'^ then this follows from the following proposition, 
whose proof is straightforward. 

Proposition 3.3. = \/^^®g^^V'-'^g, as complex connections on Ec = 
^1,0 03 ^0,1 _ 

Thus in particular if {cj} is a local holomorphic trivialization of E^'^ then 
{ej,g~^(e*)} is a holomorphic trivialization of Ec- 
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Now if g' is another metric on E that is compatible with J then in Section 
m we will address the question of whether {T{g'), J^"^^*^ '^^) is biholomor- 
phic to {T{g), J^"^ '^^) by holomorphically embedding twistor spaces into 
Grassmannian bundles. 

3.2. 3-operators. In the previous section, we found it useful to describe 
yC/i{o,i) |-|y considering the natural 9-operator d on E^'^ © and 

the isomorphism 

l^g: Ec = E^'° © — > E^'^ © 

In this section, we will give more examples of 5— operators on E^'^ © E*^'^ 
and use this same isomorphism to transfer them to ones on Eq. These in 
turn will give metric connections on E with (1,1) curvature that can be used 
to define complex structures on T. 

To begin, let {E, g, J) — > (M, /) be, as above, a holomorphic Hermitian 
vector bundle and consider the following natural symmetric bilinear form 
<,> on E^'^ © £'*i'0: < X + fi,Y + u >= ^ifi{Y) + i^iX)). A general 
5-operator that preserves this metric is of the form d + P'^'^, where D'^'^ £ 
r(r*°'i 5o(S^'° © E*^'^)). If we now consider the splitting of so{E^'^ © 
£;*i'0) = EndE^'° © A^E*'^'^ © A^E'^'^ then we may decompose 



A a 
D -A* 



where A,D and a are (0,1) forms with values in EndE^'^ , a'^ E*^'^ and 
y^2^i,o^ respectively. 

Since d + T>'^'^ squares to zero, there are differential conditions on these 
sections. If we take, for example, the case when T?'^'^ = D then these 
conditions are equivalent to dD = 0; a similar statement holds for the case 
when D'^'^ = a. 

To obtain 9-operators on Eq, consider, as above, the isomorphism, 
1 © g : (Sc = ^''^ e E^^\ |) (^I'O © E*^'^, <, >). 
^ + p'0,1 on E^'° © E*^'° then corresponds to V'^''(°'^) + Vg'^ on Eq, where 
pO,i _ I ^ oig 



9 \ g-^D -g-^A'g 

As we are interested in real connections on E, note that V*^^'-'''"^^ + T>^'^ is 

the (0,1) part of the real connection V'^^ + T^g ■= ^'^^ + V^/ + whose 
curvature is (1,1). 

Corollary 3.4. J^^ ''+'^9,1) 

is a complex structure on C and T ■ 

For convenience, we summarize the 5-operators and connections that we 
have discussed so far in the following table. 



E 


Ec 


^1,U ^ ^*l,U 






d + p'O'i 
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If we now take the case when D'^'^ = D then in Section [4. 41 we wih explore 
how JT"^^ +'^sJ) on T depends on the Dolbeault cohomology class of D in 
H^'^{A^E*^'^), i.e. if B G T{A^E*'^'°) then we will determine whether 9 + 
and d + D + dB give isomorphic complex structures on 7". 

Moreover we will also address a question that is a generalization of the 
one raised in the previous section: if g' were another metric on E that is 
compatible with J then given G r(r*°'i (g)So(S^'° is it true 

that (r(ff'),^^^'"''^^«''^^) is biholomorphic to (r((7), 

3.3. Three Forms. An important case of the above discussion is when 
E = TM is fibered over a Hermitian manifold (M, g, I) that is equipped 
with a real three form H = ff^.i _|_ ^2,1 q£ lyp^ (1^2) + (2,1), such that 
dH^'^ = 0. In this case, we will let V'^'^ = H^'^, which is defined to be 
a section of T*^'^ (g> 5o{T^'^ T*^'^) by setting F^'^tt; = H^''^{v,w, ■), for 
V G r°'i and w G T^'O. It then follows that V'^''(°'^) + g'^H^'^, where here 
g-^H"^^^ = g~^Hl'} is a 9-operator on TMc = T^'^ r°'^ As the 

corresponding Pp in the above table is ^/[(^^^if, /], we have 

Proposition 3.5. V'^^ + \l[g-^HJ] is a metric connection on TM with 
(1,1) curvature. 

Hence J'^^'^'^~^2^\^9 -g ^ complex structure on C and T. 

As we will now show, natural examples of the above three form H can be 
found on SKT manifolds, bihermitian manifolds and Calabi-Yau threefolds. 

3.3.1. SKT Manifolds. A natural example of a real three form on any Her- 
mitian manifold, (M, 5, /), is H = —dFw = i{d — d)w, where w{-, •) = g{T, •). 
If we take its (2,1) part, H^'^, then it is straightforward to check that it is d 
closed if and only if dH = 0. Manifolds whose H satisfy this condition are 
known in the literature as strong Kahler with torsion (SKT) manifolds and 
have recently become very popular in the mathematics and physics commu- 
nities [ini [9]. One of the associated 9-operators on TMc = T^'^ © T^'^ is 
yC/i(o,i) _ ^g^g actually introduced in a paper of Bismut in his 

study of Dirac operators [5]. The main point that we would like to stress 
here is that, as a corollary of the above discussion, this 9-operator leads 
to complex structures on the twistor spaces C and T that can be described 
as follows. First note that V*-^'^'^'''^) — g~^H'^'^ is the (0,1) part of the real 
connection V'^'^ — ^I[g~^H, I] which can be shown to be equal to V~ := 
^Levi _ 1^-1^^ where V^^™ is the Levi Civita connection. The connection 
is closely related to the Bismut connection, := \/^'^™ -\- ^g~^H (see 
below for a general definition as well as O [T2] ) . 

Corollary 3.6. If{M,g,I) is SKT then {C,j'-^~'^^) is a complex manifold 
and T is a complex submanifold. 

The Bismut connection that was mentioned above is actually defined for 
any almost Hermitian manifold, {M,g,I): 
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Definition 3.7. The Bismut connection is the unique connection, V^, that 
satisfies 

1. V+ = V^^™ + ^g'^H, where if is a 3-form 

2. V+I = 0. 

It can be shown that H is (1,2) +(2,1) if and only if / is integrable and 
in this case it equals —(Fw [T2| [T5]. 

3.3.2. Bihermitian Manifolds. A source of SKT manifolds is bihermitian 
manifolds. They were first introduced by physicists in [11], motivated by 
studying certain supersymmetric sigma models, and were later found to be 
equivalent to (twisted) generalized Kahler manifolds [15', '18] (see also pT]). 
A bihermitian manifold is by definition a Riemannian manifold (Af, g) that 
is equipped with two metric compatible complex structures J+ and J_ that 
satisfy the following conditions 

V+ J+ = and V"J_ = 0, 

where = SJ^"^™ ± ^g~^H, for a closed three form H. 

It then follows from Definition 13.71 that V"*" and V~ are the respective 
Bismut connections for J_|_ and J_. Thus an equivalent way to express the 
above bihermitian conditions is 

H = —d']_w^ = d'Lw- and dH = 0. 

Since dH is assumed to be zero, {g, J+) and {g, J_) are two SKT structures 
for M and hence by Corollary 13.61 the associated twistor space T admits the 
following two complex structures that depend on the three form H: 

Corollary 3.8. J^^^ ''^+^ and J^^* --^-^ are two complex structures for C 
and T- 

We will derive more results about bihermitian manifolds in Section 13.4.21 
and in [13]. As for some examples, Kahler and hyper kahler manifolds are 
bihermitian. Other examples of bihermitian structures have been found, in 
particular, on compact even dimensional Lie groups, Del Pezzo surfaces and 
more generally on Fano manifolds [151 [T9l [T7] . 

3.3.3. Calabi-Yau Threefolds. Another class of Hermitian manifolds that ad- 
mit d closed (2,1) forms, which by Proposition 13. 51 can be used to define com- 

2 1 

plex structures on C and T, are Calabi-Yau threefolds. Indeed, -f^^Jo/beaMit 
parametrizes the deformations of the complex structure on the threefold. It 
is interesting to note that at the same time there is a well defined map from 
^Doibeauit spacc of complex structures on the twistor space (modulo 

biholomorphisms) as will be described for a more general setup in Section 
14.4. 1[ We are currently investigating the connection between deformations of 
complex structures on Calabi-Yau threefolds (as well as on general complex 
manifolds) and the complex geometries of twistor space. 



INTEGRABLE COMPLEX STRUCTURES ON TWISTOR SPACES 



19 



3.4. Holomorphic Sections of Twistor space. In the previous sections 
we gave a number of examples of the general setup of a bundle E — > (M, I) 
that is equipped with a connection, V, that has (1,1) curvature. Given the 
associated complex manifold (C, JT*-^'^-*), which holomorphically fibers over 
M, it is natural to consider its holomorphic sections. While we will use these 
sections in [13] to produce holomorphic subvarieties in M and in particular 
stratifications of C, as was mentioned in the introduction, our focus here is 
to use them to construct more connections with (1,1) curvature- and thus 
more complex structures on twistor spaces. To begin, let us characterize the 
holomorphic sections of C. 

3.4.1. Holomorphic Sections and (1,1) Curvature. As above, let E — > [M,I) 
be equipped with a connection V that has (1,1) curvature. 

Proposition 3.9. J : M — > (C, J^^'^)) is a holomorphic section if and 
only if JVyJ = S/jyJ, for all v € TM. 



Proof Letting : TC — >VC, as in Section [2^ be the projection operator 
that is based on the splitting of TC into VC H^C, let us consider the 
holomorphicity condition of J: JT"^^'^^ J* = J*/. If v E T^M, we then have: 

(1) = j(^'^)(P^(J*u) + v^), where G ^j{xf hori- 

zontal lift of w e T^M. This then equals JP^{J^v) + {Iv)'^ . 

2) J^{Iv) = P^{JJv) + (Iv)^. 

Hence J is holomorphic if and only if 

(3.1) JP^iJ^v) = P^iJJv). 

Using the formula = 7r*V0, as given in Proposition 12. 7| it is straightfor- 
ward to show that P^(J*v) = V^J. Plugging this into Equation 13.11 proves 
Proposition 13.91 □ 

If we consider the 9— operator V'^'^ on E^ then the above holomorphicity 
condition is equivalent to {V^'^ J)Ej'^ = 0. This in turn is equivalent to 
JV^'^e = -iV^'^e, for all e G r(P°'^). We thus have: 

Proposition 3.10. J : M — > (C, j(^'^)) is a holomorphic section if and 
only if Ej is a holomorphic subbundle of [EcV^'^). 

Having described the holomorphic sections of C, let us now use them to 
build other connections on E with (1,1) curvature. 

Proposition 3.11. Let J : M — > {C, J^^'^^) be a holomorphic section. 
Then V + VJ(a + 6J), where a,b £M, is a connection with (1,1) curvature. 

Proof. We will show that V"'"*^ + V"'"*^ J(a + 6J) is a 9-operator on Ec. By us- 
ing Proposition 13.10] it is straightforward to show that this (0,1) connection 
is of the form V^'^ + A, where A G r(r*°'i ® EndEc) satisfies V°'M = 0, 
AE]''^ C E^ and AE^ = 0. It then follows that V^'^ + A squares to 
zero. □ 
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These new connections then lead to other complex structures on the 
twistor space: 

Corollary 3.12. If J is a holomorphic section of{C, J^^'^^) then j^(V+VJ(aW),/) 
is a complex structure on C. In addition, if {E,g,J) is a Hermitian bundle 
and V is a metric connection then this complex structure restricts to T. 

Among the above connections, there is a particular one that we wish to 
focus on: 

Proposition 3.13. V := V + ^(VJ)J is a connection with (1,1) curvature 
that satisfies V J = 0. 

Thus J, originally chosen to be a holomorphic section of {C, '^^), is 
also, by definition, a parallel section of (C, J^^^' '^^). Moreover, if we consider 
the holomorphic bundle (-Ec) V"^'^), then the fact that V J = implies that 
Ej and Ej are holomorphic subbundles. We will explore the consequences 
of this in |13j . 

3.4.2. Examples of Holomorphic Sections. In searching for examples of holo- 
morphic sections of (C, J'^'^'^^), it should first be noted that since vr : C — > 
(M, /) is a holomorphic submersion, there are plenty of local ones. As for 
global holomorphic sections, in the case when C = C{TM) — > (M, I), there 
is a natural candidate- namely / itself. While we will describe other exam- 
ples of holomorphic sections later on, our first goal is to describe a certain 
class of twistor spaces, which include those associated to SKT and bihermi- 
tian manifolds, where / is holomorphic. Yet in fact we will find it natural to 
begin with a more general situation where / is not necessarily integrable and 
explore the condition that guarantees that / is pseudoholomorphic. We will 
use this, in particular, to show that the (pseudo)holomorphicity condition 
on sections of twistor space is a generalization of the integrability condition. 

To begin, let (M, g, I) be an almost Hermitian manifold that is equipped 
with a real three form H. Using the natural Chern connection, V*-"^, on 
TM (see for example p!2|) we will consider V = V'^'' + ^I[g^^H, I] and the 
corresponding twistor space {T , '^^), which is only an almost complex 
manifold. We will now explore the conditions on H so that / and — / are 
pseudoholomorphic sections: 

Proposition 3.14. 

1) / : M — > T is pseudoholomorphic if and only if H is (1, 2) + (2, 1). 

2) — I : M — > T is pseudoholomorphic if and only if H is (3,0) + (0,3). 

Proof. As Proposition 13.91 is true regardless of whether / is integrable, it 
follows that / is pseudoholomorphic if and only if I[g^^H,I] = [g^^ Hi, I], 
which is equivalent to H being (1,2) + (2,1). The proof of 2) is similar. □ 

If we now choose H to be the three form that is contained in the Bismut 
connection V"*" = V^*^^* + ^g~^H, which was defined in Definition 13.71 then 
the pseudoholomorphicity of I is equivalent to its integrability: 
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Proposition 3.15. / : M — > (T, J'*-^'^^) is pseudoholomorphic if and only 
if I is integrable. 

Proof. This follows from Proposition l3.14l and the fact that for the three form 
H in the Bismut connection, / is integrable if and only if H is (1,2)+(2,1). 

□ 

It is in this sense, as we remarked above, that the pseudoholomorphic 
condition on sections of twistor space generalizes the integrability condition 
on almost complex structures. 

Using Proposition l3.14l we can now describe a class of holomorphic twistor 
spaces that always admit / as a holomorphic section. Indeed, let (M, g, I) 
be a Hermitian manifold that is equipped with a d closed (2,1) form, H'^'^, 
and let H = iJ2,i _^ gy Proposition [331 the connection V = V'^'* + 

^I[g^^H, I] on TM has (1,1) curvature and thus (T, J^^'^^) is a complex 
manifold. Since H is (1,2)+(2,1), we have: 

Corollary 3.16. / : M — y {T, J^^'^^) is holomorphic. 

As was described in the previous section, whenever we have a holomorphic 
section of a twistor space we automatically obtain other connections with 
(1,1) curvature. For the above case, one such connection is V = V+^(V/)/, 
which satisfies V'/ = 0. This particular connection is in fact a familiar one: 

Proposition 3.17. V = V'^'' 

Proof Since V/ = [g-^H,I], V = V^^ + \l[g-^H,I] + \{[g-^H,I])I = 
yCh^ □ 

To take an example of the above setup, let (M, g, I) be an SKT manifold, 
as defined in Section 13.3.11 so that H = —d^w = i{d — d)w satisfies dH = 
0. Since this latter condition is equivalent to dH^'^ = 0, the connection 
yC/i _ ^i[g-^H^jj^ which equals V~ = V''^'^™ - ^g~^H, has (1,1) curvature. 
Taking Proposition 13. 141 into account, we have: 

Proposition 3.18. Let {M,g,I) be an SKT manifold. 

1) 1 : M — > {T,J^^~'^^) is holomorphic. 

2) — I : M — > {T,JT^'^ '^^) is holomorphic if and only if {M,g,I) is Kahler. 

Proof. To prove 2), note that by Proposition 13. 14] — / is holomorphic if and 
only if H is (3,0)+(0,3). As H is already (1,2)+(2,1), this is true if and only 
if i/ = 0, or equivalently, (M, g,I) is Kahler. □ 

Since a bihermitian manifold admits the two SKT structures (g, J+) and 
{g, J_) as explained in Section [3.3.21 we have 
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Proposition 3.19. Let (M, 51, J+, J_) be a bihermitian manifold. The fol- 
lowing are holomorphic sections: 

1) J+:(M,J+)^(r,j(^"'^+)) 

2) J_ : (M, J_) (r, 

Since V^J± = 0, J+ and J_ are also, by definition, parallel sections 
of (T, and (T, respectively In [l3] we will use these 

parallel and holomorphic sections of T to produce holomorphic subvarieties 
in (M, J_|_) and (M, J_) that are new to the literature. 

Having given some examples where the section I : {M, g, I) — > (T, J'^'^'^^) 
is holomorphic, we will now consider other examples of holomorphic sections 
of twistor space. The following demonstrates that there are twistor spaces 
that are fibered over other twistor spaces that naturally admit holomorphic 
sections. 

Example 3.20. Let E — > {M,I) be equipped with a connection V that 
has (1,1) curvature. Denoting the projection map from C{E) to M by vr, in 
this example we will be focusing on the complex manifold (C(£'),Z), where 
X = i7^^'^^, along with its pullback bundle 'k*E. Since vr is holomorphic, 
the connection 7r*V on 'k*E has (1,1) curvature so that the total space of 
(C(7r*£;), J^'^'^'^)) — > C{E) is a complex manifold. 

As we discussed before, cj) is a natural section of C{i:*E), defined by (/)| j = 
J, and the claim is that it is holomorphic: 

Proposition 3.21. cj) is a holomorphic section of {C{tt* E), J'^'^*'^'-^^) — > 
C{E). 

Proof. It follows from Proposition 13.91 that (j) is holomorphic if and only 
if 4){'K*V)x(t) = 7r*Vjx0, for all X G TC{E). By Proposition [221 this is 
equivalent to 4>P^ {X) = P^{IX), where P^ : TC — > VC is the verti- 
cal projection operator that is induced by V. This last expression follows 
directly from the definition of Z = J^^'^\ □ 

Since (j) is holomorphic, by Proposition 13.131 the connection 7r*V' = 
7r*V + ^(7r*V(/))(/> on 'k*E — > {C{E),X) also has (1,1) curvature and satisfies 
7r*V> = 0. We thus have: 

Corollary 3.22. ji'"'^'^'^) is another complex structure on C{tt*E). 

The fact that K^*^' is (1,1) implies that (7r*Sc, vr*V'°'i) is a holomor- 
phic bundle over {C{E),X) and since 7r*V'0 = 0, tt*E^'^ and '7r*E^'^ are 
holomorphic subbundles. We will use this result in [13] to produce complex 
submanifolds that form the strata of several stratifications of {C{E),X). 

If we now restrict {'it*E, vr* V) to a particular fiber of vr : C{E) — > M then 
we obtain the setup of Example 12. 20t an even dimensional real vector space, 
V, and the trivial bundle E' = CiV) x V — > C{V) that is equipped with its 
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trivial connection d. It follows from Proposition 13.21] that (j) G T{EndE'), 
defined by (p\j = J, is a holomorphic section of {C{E'), J^'^^^'^^) — > C{V), 
where Ic is the standard complex structure on C{V). Another way to show 
the holomorphicity of (j) is to first note that the map 

{C{E'), jW^c)) ^ c{V) X C{V) 

J^{K, J), 

where J G C{E')\k, is a biholomorphism. The section (p of C{E') then 
corresponds to the diagonal map from C{V) into C{V) x C{V), which is 
holomorphic. 

We can now rederive the results of Example I2.20[ (Note in that example 
E' was denoted hy E.) 

Corollary 3.23. 

1) V' = d + — {d<f>)(f) has (1,1) curvature. 

2) {C{E'), J'^'^ ''^^^) is a complex manifold. 

As an application of the above discussion, let TM — > (M, /) be equipped 
with a connection V of (1,1) curvature and let vr : C = C(TM) — > M 
be the projection map. The goal is to prove a result that was stated 
in the introduction and in Section 12.31 that the almost complex struc- 
ture J^t^ut on C, as defined in Definition 12.121 is a holomorphic section of 
{C{TC), — > {C, J^^'-^^), for some appropriately chosen J. To define 
use V to split TC = VC ® H^C and identify VC with [End{7r*TM), cp] 
and H^C with tt*TM. It then follows from the above discussion that 
V = 7r*V + ^[(7r*V<^)(/), •] © 7r*V is a connection on TC that has (1,1) curva- 
ture with respect to X = J'^'^'^K Hence = ''^^ is a complex structure 
on C(TC). Using Proposition 13.211 it is then straightforward to show: 

Proposition 3.24. J^^ut holomorphic section of {C{TC),J'^'^'-^^) — > 

(CI). 

As another application, consider the setup in Example 12.231 a Hermitian 
anti-selfdual four manifold {M,g,I) whose orientation is determined by /, 
and TT : — > M, the subbundle of T{TM) whose elements induce the 
same orientation as the given one. If we let V be the Levi Civita connection 
then as discussed in that example, 7r*V is a connection on Tr*TM that has 
(1,1) curvature with respect to both of the integrable complex structures 
^(V,/) ^j^jj J'^ut on T^. Based on the discussion surrounding Proposition 
K2l[ it is straightforward to show that <p : {T^,I) — > (C(7r*TM), J'^'"'^'^)) 
is not only holomorphic for Z = J'^'^'^^ but for I = Jt^^t ^ well. Hence 
7r*V' = 7r*V-|- ^(7r*V(/))(^ is a connection on tt*TM that has (1,1) curvature 
with respect to both J^^'^^ and j'^ut^ ^s was claimed in Example 12.231 
As Tr*'V'(j) = 0, we obtain several holomorphic structures on the bundles 
Tr*TM]'° and 7r*rM°'^ that are fibered over (r+,X). □ 
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More examples and applications of holomorphic sections of twistor spaces 
will be given in |13j . 

4. TWISTORS AND GrASSMANNIANS 

In the previous sections, we have not only given examples of a bundle 
E — > (M,!) with a connection V that has (1,1) curvature but have also 
raised various questions about the complex manifold structure of (C, JT"*-^'^-*), 
especially in Section 13. 2[ In this section we will address these questions 
by holomorphically embedding C into a more familiar complex manifold- a 
certain Grassmannian bundle. Indeed, as we noted previously, the condition 
that is (1,1) is equivalent to V*^'^ being a 9-operator on Ec and if we 
let dim^E = 2n then the Grassmannian bundle that we will take will be 
the holomorphic bundle Grn{Ec)- 

To define the embedding, we will first show how to holomorphically embed 
the fibers of C into those of Grn{Ec). 

4.1. Embedding the Fibers. Let V he a2n dimensional real vector space 
and let Gr„(Vc) be the Grassmannians of complex n planes. The map that 
we will consider is 

: CiV) Gr„(Vc) 

it has the following properties: 
Proposition 4.1. 

1. The map tp : CiV) — > Gr„(Vc) is a holomorphic embedding. 

2. The image of this embedding is {P G Gr„(Vc)|P P = V^}, 
which is an open submanifold of the Grassmannians. 

Proof. Consider ip^: : TjC{V) — > TyO.iGrniVc) and choose the holomorphic 
chart 

End{V^'\v}^'') GrniVc) 
B — > Graph{B), 

where Graph{B) = {v'^'^ + Bv'^'^\v'^'^ € K/'^^' ^ be a general 

element in TjC{V) = {D G EndV\{D,J} = 0} then we need to show that 
ip.f{JA) = I'ip^(A), where I is the complex structure on the Grassmannians. 
First consider, 

d —tA tA 

i/j^iJA) = —\t=o'P{exp{-^)Jexp{—)) 

Using the above chart, il)^{JA) then corresponds to — ^, as an element of 
End{V''\v]'\ 
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Similarly we have V'*!^) = 'St\t=o^xp{—^^){Vj'^), so that mider the 



above chart, I^* (^) corresponds to — , which as an element of End{Vj'^ , Vj'^^ 



equals — ^. 

The proof of the other parts of the proposition are straightforward. □ 

If we now choose a positive definite metric, g, on V then by restriction, the 
above map, jp, gives a holomorphic embedding of T{V) into Gr„(Vc). Since 
the metric is positive definite, the image of this map is precisely MI(Vc) = 
{P € Grn{Vc)\g{v,'w) = 0,yv,w € P}, the space of maximal isotropics of 
Vc defined by using the C-bilinearly extended metric. For convenience we 
state this as a proposition. 

Proposition 4.2. 

T{V) GrniVc) 
J ^ V^^^ 

is a holomorphic embedding with image MI{Vc). 

4.2. The Holomorphic Embedding. Let us now consider a 2n dimen- 
sional real vector bundle E — > [M, I) that is fibered over a complex man- 
ifold. As discussed above, a connection V on with (1,1) curvature gives 
rise to two complex analytic manifolds: the twistor space (C,^(^'^)) and 
the holomorphic fiber bundle 'kgt ■ Grn{Ec) — > M. To holomorphically 
embed C into Gr„(i?c), we will generalize the map ip that was defined in 
the previous section: 

Theorem 4.3. The map 

^■.{C,j(^''^)^Grn{Ec) 



J ^ eY 



is a holomorphic embedding. 



In the case when E is equipped with a metric g and V is a metric con- 
nection, we will define MI(Ec) to be the space of maximal isotropics in 
GrniEc); we then have: 

Proposition 4.4. 

J ^ E^ 

is a holomorphic embedding with image MI(Ec). 

To prove Theorem 14.31 we will need to describe the complex structure 
on the Grassmannians similarly to how we defined J^^^^^ on C. The first 
step will be to define the horizontal distribution H^Gr^ on Grn{Ec). But 
before giving the definition, let us first recall that if P G Grn{Ec) and 
7 : M — > M satisfies 7(0) = ncriP) then we can use V, considered as 
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a complex connection on Eq, to parallel transport P along 7 as follows. 
If we set P =< ei,...,e„ >c, so that {ci} is a basis for P, then define 
P{t) =< ei(t), ...,en{t) >c, where 7*Vej(i) = and ei(0) = Cj. Since V is 
a complex connection on Ec P{t) does not depend on the basis {cj} for P 
that was chosen. 

With this, let us define the desired horizontal distribution on Grn{Ec). 

Definition 4.5. Let HpGrn = { '^^Jl'' \t=o\P{t) is the parallel translate of P 
along 7,7(0) = vrGr(i^)}. 

Along with H^Grn, there is also the natural vertical distribution VGrn, 
as it is defined by the fibers of Grn{Ec), it is a complex vector bundle and 
satisfies 7rGr*(^pGr„) = 0, for all P G Gr^iEc). It is straightforward to 
prove that these two distributions are complements to each other: 

Lemma 4.6. TpGrn = VpGrn HjGrn- 

We may now use the above lemma to define an almost complex struc- 
ture on Grn{Ec), which we will show in Proposition 14.81 to be the complex 
structure that is induced by V*^'^ and which we will use to prove Theorem 
14. 3[ As the definition of this almost complex structure is similar to that of 
J'(^'^) on C, we will denote it by the same symbol: 

Definition 4.7. Let J^^'^^ on Gr^iEc) be defined as follows. First split 

TGrn = VGrn © i^^Gr„ 

and then let 

where is the standard fiberwise complex structure on VGrn and where 
we have used the natural identification of Gr^ with ttq^TM. 

If we consider the complex manifold structure of Gr^iEi^) that is induced 
by the 9-operator V'^'^ on Ec, we then have: 

Proposition 4.8. The complex structure on Grn{Ec) is J^^'^^ 

We will prove the above proposition for a more general setup in the next 
section; here we will use it to prove Theorem 14.31 by showing that the map 

: (C, iGrn{Ec),j'-^'^^), which is given by V(^) = , is 

holomorphic. Recalling the splitting of TC = VCQH'^C, as given in Lemma 
12.51 let us first consider the following: 

Lemma 4.9. The map preserves horizontals: : H^C — > H^o iGrn- 

In fact, = v^'^''^^\ where and v^'^'^^'^ are the appropriate hori- 

zontal lifts of V € TxM . 

Proof. Let j{t) be a curve in M such that 7(0) = x and 7'(0) = v. Also let 
J{t) be the parallel translate of J G C{Ex) along 7 (by using V), so that 
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The claim then is that ip{J(t)), which is by definition Ey^^^ equals Ey (t), 

the parallel translate of Ej'^ along 7. To show this just note that if e{t) is 
the parallel translate of e € Ej'^ then J{t)e{t) is also parallel and since 
Je = — ie, it follows that J{t)e{t) = —ie{t) for all relevant t € M. Hence 

i\t=oHm = i\t=oEYit) = v(^'^^\ □ 

Assuming Proposition 14.81 we can now prove that ^ is holomorphic: 
Proof of Theorem \4-3\ Consider ip^, : TjC — > TgO,iGr„. By Proposition 

K8\ we need to show that il^^J^^^^^ = J^^'-^V*- 

A) If ^ € VjC, the vertical tangent space to J, then it follows from 
Proposition 14.11 that 

so that ■0* is holomorphic in the vertical directions. 

B) As for the horizontal directions, let € HJC be the horizontal lift 
of u G T^M. Then ip^.iJ^^^^'^v^) = which by Lemma SJ] equals 
(j^)(V,Gr)^ This in turn equals j(V,/)^;(V,Gr) ^ j(V,/)^^(„V)_ □ 

4.3. Proof of Proposition 14.81 In this section, we will prove a slightly 
more general version of Proposition 14. 8j this will then complete the proof 
of Theorem 14.31 To begin, we will find it useful to describe the complex 
structures on holomorphic vector bundles: 

Let ttf : F — > (M, I) be a complex vector bundle that is equipped 
with a 9-operator, d, and let V be a complex connection on F such that 
yO,i _ Q Below we will let J^^'^'^^ be the almost complex structure on either 
F or Grk(F) that is defined in a by now familiar way: use V to split the 
appropriate tangent bundle into vertical and horizontal distributions, and 
define J^^'^^ to be the direct sum of the given fiberwise complex structure 
on the verticals and the lift of / on the horizontals. 

Proposition 4.10. Let V he a complex connection on F such that V"'^ = d. 
Then the associated complex structure on F is J^^'^'^h 

Proof. Let {/j} (1 < i < dimcF) be a holomorphic frame for F over U C M 
and let W be the complex vector space that is generated by {wi} over C. 
To prove the proposition, we need to show that the map 

a : (F|c/, xW 
aifi\x — > {x,aiWi) 

is holomorphic. For this, consider a^, : TfF — > T^(^j-j{U x W), where 

T^Fif) = X. 

1) Since (T|a; is a complex linear isomorphism from F\x to W , a is holomor- 
phic in the vertical directions, i.e., a^{if') = icrt,{f'), where /' G VjF = F\x. 

2) As for the horizontal directions, we need to show that a^{J'^^ '^^v^) = 
Ia^{v^), where is the horizontal lift of v G T^M to HJ F C TfF and I 
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is the complex structure on U x W. Let us first consider, 

where f{t) is the parallel translate of / along the curve 7 : M — > M that 
satisfies 7(0) = x and 7'(0) = Iv. If we let f{t) = CLj{t)fj\^f^i^ then the above 
equals 

daj{t) 

Similarly, (T*(?;^) = {v, ^^^^^\t=oWj), where f{t) = aj{t)fj\^^^^ is the parallel 
translate of / along the curve 7 : M — > M that satisfies 7(0) = x, j'{0) = v. 
Now since Z(T*(f^) = {Iv,i^^^^^^\t=o'Wj), a is holomorphic if and only if 

dai (t) I . ddi (t) I 

To show this equality, note that the condition 7*V/(t) = together 

with aj := aj{0) = aj{0) imply that i '^'^'^Jf^ \ t=ofj = —iajVyfj. This then 

equals —ajViyfj because ^^'^fj = 0, which in turn equals ^^p^|j=o/j since 
7*V/(t) = 0. Hence a is holomorphic. □ 

As for the Grassmannians, we have: 

Proposition 4.11. The complex structure on Grk{F) that is induced from 
{F,d) is J^^'^l 

The proof of the above proposition and hence of Proposition 14.81 is just 
a straightforward generalization of the previous proof. This then completes 
the proof of Theorem 14.31 as well. 

4.4. Corollaries of the Embedding. We will now demonstrate some of 
the corollaries of the holomorphic embedding ip : (C, JT"*-^'^-*) — > Grn{Ec), 
as given in Theorem l4.31 In particular, we will address certain issues regard- 
ing the holomorphic structure of twistor spaces that were raised in Section 



Let E and E' be two real vector bundles of even dimension that are fibered 
over (M, /) and that are respectively equipped with connections V and V 
of (1,1) curvature. 

Proposition 4.12. Let A : E — > E' be a bundle map such that its C- 
extension, A : {Ec,V°'^) — > {E'^,V'°'^) is an isomorphism of holomorphic 
vector bundles. Then this map induces a fiber preserving biholomorphism 
between (C(^), and {C{E'),J^^'^^^). 

Proof. The isomorphism A : (E£,V^'^) — > {E'^jV^'^) induces the biholo- 
morphism A : Gr„(i?c) — > Gr^iE'^) that is defined by A{< ei,...,e„ >c 
) =< Aei, Acn >c- Since ^ is a real map, A restricts to a biholomor- 
phism between the set {P € Grn{Ec)\P © P = i^clvrG^fp)} in Gfn{Eic) and 
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the corresponding one in Grn^E'^). The proposition then follows from The- 
orem 14.31 and Proposition 14.11 which show that these sets are respectively 
biholomorphic to {C{E), J^^'^'>) and {C{E'), J^^' □ 

Now suppose that E and E' are also equipped with respective metrics g 
and g' and that the above connections preserve the appropriate metrics. If 
we C-bilinearly extend g and g' to Eq and E'^, we then have 

Proposition 4.13. Let A : {Ec,V^'^) — > V"^'^) be an isomorphism of 
holomorphic vector bundles that is orthogonal with respect to g and g' . Then 
A induces a fiber preserving biholomorphism between (T(-E', (?), and 
{r{E',g'),j(^''^)). 

Proof. Similar to the proof of Proposition l4TT2t the isomorphism A : {Ec, V"'^) 
— > {E'^,V^'^) induces a biholomorphism A : GrniEc) — > Grn{E'^). Since 
A is an orthogonal map, A maps the space of maximal isotropics, MI{Ec), 
in Grn{Ec) to the one in Grn{E'^). The proposition then follows from 
Proposition Sai which shows that {T{E, g), J^-^'^^) and {T{E' , g'), J^^' ''^) 
are respectively biholomorphic to MI{Ec) and MI{E'f^). □ 

In the following two sections we consider some applications of the above 
propositions. 

4.4.1. Cohomology Independence. het{E,g,J) — >■ (M, I) be a holomorphic 
Hermitian bundle fibered over a complex manifold and let d be the standard 
9-operator on E^'^ © E*^'^, where E^'^ is the +i eigenbundle of J. If we 
choose D e r(r*°'^(g)A^-E*^'°) to satisfy dD = then, as described in Section 
[3:21 \/C h{o,i)^ g-ijj is a 9-operator on Ec = E^'^eE'^''^ and, for V = + 
g~^D + g~^D, the twistor space (T'{E), J'^'^'^^) is a complex manifold. If we 
now let B G T{A^E*'^'^) then V'^''(°'^) + g'^{D + dB) is another 9-operator 
on Ec and it is natural to wonder, as in Section [3.21 whether the associated 
twistor space is biholomorphic to the previous one. In other words, does the 
above give a well defined mapping from the Dolbeault cohomology group 
j^o, 1^^2^*1,0^ to the isomorphism classes of complex structures on T? 

By using Proposition 14.131 we will show here that such a mapping does in- 
deed exist. As a first step, let us consider the section of 0{Ec, g) exp{g~^B), 
which equals (1 + g^^B) since [g^^B)"^ = 0. We then have 

Proposition 4.14. The map exp{-g'^B) : (^c.V^^^^-^) + g^'^D) — > 
{EcV^^'^'^'^^ + g^^{D + dB)) is an isomorphism of holomorphic vector bun- 
dles. 

Proof Let (V'^''(°'^) + g~^D)v = and consider 
(yCMo,i) j_ ^-ip + dB)){l - g-^B)v 
= -V^''^°'^\g^^Bv) + {g~^dB)v 
= -{vChiO'')g~'B)v - g-'BV^'^^^^'^v + {g-^dB)v. 
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Since the first and last terms cancel, we are left with —g ^B'V'^^^^'^^v = 
—g~^B{—g~^Dv) = 0. This then proves the proposition. □ 

By Proposition 14.131 we can now conclude that the twistor spaces men- 
tioned above are biholomorphic: 

Proposition 4.15. exp{—g~^B) induces a fiber preserving biholomorphism 
between {T,J^^'^^) and {T, j'^^''^'^), where V^'^ = V'^^^^'^) + g'^D and 

y/0,1 ^ yCh(0,l) ^g-l^jj^ ^ 

As a corollary, we have 

Proposition 4.16. The map [D] — > [J^^'^'>], where V"'^ = V'^^^"'^) + 
g^^D, from the Dolbeault cohomology group H^'^{f\^E*^'^) to the isomor- 
phism classes of complex structures on T{E,g) is well defined. 

4.4.2. Changing the Metric. In the previous example we worked with a fixed 
metric g; but what if we were to choose another metric g' on E that is com- 
patible with J~then is it true that {T{g), J^^"""'^^) and {Tig'), J^^'"'' '^^) 
are biholomorphic? This is part of a more general question that was posed in 
Section 13. 2t in that section we used a fixed metric, g, to define (9-operators 
on Eq and thus complex structures on T{g) -but if we were to choose an- 
other metric g' then do we obtain new complex manifolds by considering 

To address these questions, let us first recall some of the details of that 
section. Let (E, J) — > (M, /) be a holomorphic vector bundle, considered 
as a real bundle with fiberwise complex structure J, that is fibered over a 
complex manifold. Defining <, > and d to be the standard inner product 
and 9-operator on E^'^QE*^'^ , let us consider the 9-operator d+T>'^'^, where 
p/0,1 g Y{T*°'^ ®5o{E^'° e If 5 is a metric on E that is compatible 

with J then, as in Section 13.21 we can use the orthogonal isomorphism 

l(Bg:{Ec = E^'^ E^'\ |) (^^'^ E*^'°, <, >) 

to obtain the 9-operator V'^''^'^'^'' + 'Dg'^ on Ec as well as the complex struc- 
ture j(V^''+Cs,/) on T{g). (Here, Vg = + 

Similarly, if g' is another metric that is compatible with J then we have the 

complex structure J'^^ +-^9''^) on T{g'). The goal then is to use Proposi- 
tion [5T3] to show that the complex manifolds T{g) and T{g') are equivalent 
under a fiberwise biholomorphism. 

First note, that if we compose the map (1 g) with (1 g')~^ then we 
obtain the following isomorphism of holomorphic vector bundles: 

where we have used the decomposition, E^ = E^'^ E^'^. As this is an 
orthogonal map from (Ec,g) to {Ec,g'), by Proposition 14. 131 we have 
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Proposition 4.17. There exists a fiber preserving biholomorphism between 
mg),J^^'"'+'^<"'^) and (W), ^^^'"''^''^'''^ 
In particular, if we set ^'("'i) to zero, we have: 

Proposition 4.18. Let {E,J) — > {M,I) be a holomorphic vector bundle 
that is equipped with two Hermitian metrics g and g'. Then (T(5), i7*^^^ '"'^)) 
and {T{g'), J^^^'' '^^) are biholomorphic. 
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